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The paper presents a three-dimensional solution to the equilibrium equations for linear elastic trans-
versely isotropic inhomogeneous media. We assume that the material has constant Poisson’s ratios,
and its Young’s and shear moduli have the same functional form of dependence on the co-ordinate nor-
mal to the plane of isotropy. We show, apparently for the ﬁrst time, that stresses and displacements in
such an inhomogeneous transversely isotropic elastic solid can be represented in terms of two displace-
ment functions which satisfy the second- and fourth-order partial differential equations. We examine
and discuss key aspects of the new representation; they include the relationship between the new dis-
placement functions and Plevako’s solution for isotropic inhomogeneous material with constant Poisson’s
ratio as well as the application of the new representation to some important classes of three-dimensional
elasticity problems. As an example, the displacement function is derived that can be used to determine
stresses and displacements in an inhomogeneous transversely isotropic half-space which is subjected to a
concentrated force normal to a free surface and applied at the origin (Boussinesq’s problem).
 2009 Elsevier Ltd. All rights reserved.1. Introduction
The three-dimensional linear elasticity problem of equilibrium
of a deformable solid requires in general the solution of a set of
15 coupled partial differential equations comprising three equa-
tions of equilibrium, six stress–strain relations and six strain–
displacement relations, with stress and/or displacement
components subject to appropriate boundary conditions. Using
the displacement formulation, this set can be reduced to three
coupled second-order partial differential equations in terms of
displacements. For a homogeneous isotropic solid, the equilibrium
equations in terms of displacements, also known as Navier’s equa-
tions, can be further simpliﬁed by introducing potentials or dis-
placement functions, the derivatives of which may be combined
to represent the displacement vector. These displacement func-
tions are governed by equations such as the Laplace equation or
biharmonic equation, which have been thoroughly analysed by
mathematicians. It is therefore often easier to ﬁnd harmonic or
biharmonic displacement functions than to solve Navier’s equa-
tions directly.
Displacement functions represent a powerful tool that helps
solve many important classes of problems, and for this reason they
have been the subject of numerous studies in the literature. For
homogeneous isotropic solids, classical solutions of Lamé,ll rights reserved.
htalyan).Papkovich–Neuber and Boussinesq–Galerkin are arguably the best
known and most commonly used. However, other less known rep-
resentations which give displacements and stresses in terms of
harmonic functions also exist, e.g. Youngdahl’s solution (1969).
An overview of the displacement functions and the interrelation
between many of the classical representations in three-dimen-
sional linear elasticity is given, for example, in Chou and Pagano
(1967).
For homogeneous transversely isotropic solids, displacements
can also be represented in terms of three quasi-harmonic displace-
ment functions (Elliott, 1948), or two displacement functions that
satisfy second- and fourth-order differential equations (Hu, 1953;
Ding et al., 1996, 2006).
By comparison, displacement functions for inhomogeneous
elastic solids have received much less attention in the literature.
For an inhomogeneous isotropic solid with the shear modulus G
and the Poisson’s ratio m that depend on one spatial co-ordinate
only, Plevako (1971) derived solution to the three-dimensional
equilibrium equations in terms of displacements. He showed that
displacements can be represented in terms of two functions which
satisfy the second- and the fourth-order partial differential equa-
tions (see Appendix A). He also proved that in the case of a homo-
geneous solid, these functions become harmonic and biharmonic,
respectively, and that Papkovich’s solution is a particular case of
Plevako’s representation. In two-dimensional elasticity of the same
inhomogeneous solid, one of Plevako’s functions becomes zero,
while the other is similar to the Airy stress function.
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derive a three-dimensional solution for a rectangular plate with
exponential dependence of the shear modulus on the transverse
co-ordinate (Kashtalyan, 2004). While showing the applicability
of Plevako’s representation to the class of boundary-value prob-
lems that allow separation of variables, it also provided a valuable
benchmark for validation of ﬁnite element models of functionally
graded plates (Zhen and Wanji, 2006); it was later used to investi-
gate elastic deformation of coating/substrate systems of ﬁnite
thickness (Kashtalyan and Menshykova, 2007, 2008a, 2009), and
bending response of a sandwich panel with functionally graded
core (Kashtalyan and Menshykova, 2008b).
It is our interest in the behaviour of these functionally graded
structures and materials that was the motivation behind the pres-
ent investigation.
In this paper, we revisit Plevako’s formulation and follow his
steps to derive solution to the equilibrium equations of the
three-dimensional elasticity for an inhomogeneous transversely
isotropic solid. While for homogeneous isotropic and transversely
isotropic solids many displacement functions exist, it is not the
case for inhomogeneous solids. To the best of our knowledge, dis-
placement functions for inhomogeneous transversely isotropic
media are introduced here for the ﬁrst time.
We assume that the material has constant Poisson’s ratios and
the same functional form of dependence of the Young’s and shear
moduli on the co-ordinate normal to the plane of isotropy. We
show, apparently for the ﬁrst time, that stresses and displacements
in such an inhomogeneous transversely isotropic solid can be rep-
resented in terms of two displacement functions which satisfy the
second- and fourth-order partial differential equations. We exam-
ine key aspects of the developed representation, including its rela-
tion to Plevako’s representation for an inhomogeneous isotropic
material and application to some important classes of three-
dimensional elasticity problems. Finally, an example is given that
demonstrates use of the new displacement functions.
2. Problem formulation
2.1. Inhomogeneous transversely isotropic material
Let us consider an inhomogeneous transversely isotropic elastic
material referred to rectangular Cartesian co-ordinates x1; x2; x3, so
that any plane normal to the x3-axis is the plane of isotropy. Con-
stitutive equations for such a material can be written as
r11 ¼ c11e11 þ c12e22 þ c13e33 ð2:1aÞ
r22 ¼ c12e11 þ c11e22 þ c13e33 ð2:1bÞ
r33 ¼ c13e11 þ c13e22 þ c33e33 ð2:1cÞ
r23 ¼ 2c44e23 ð2:1dÞ
r13 ¼ 2c44e13 ð2:1eÞ
r12 ¼ 2c66e12 ¼ ðc11  c12Þe12 ð2:1fÞ
where r and e are the stress and strain tensors, respectively, and
c11; c12; c13; c33; c44 are ﬁve independent elastic constants. They can
be represented in terms of engineering constants E; E0; m; m0;G0 as
follows
c11 ¼ 1 ðm
0Þ2ðE=E0Þ
1 m2 þ ð1þ 2mÞðm0Þ2ðE=E0Þ
E ð2:2aÞ
c12 ¼ v  ðm
0Þ2ðE=E0Þ
1 m2 þ ð1þ 2mÞðm0Þ2ðE=E0Þ
E ð2:2bÞ
c13 ¼ m
0ð1 mÞ
1 m2 þ ð1þ 2mÞðm0Þ2ðE=E0Þ
E ð2:2cÞ
c33 ¼ 1 m
2
1 m2 þ ð1þ 2mÞðm0Þ2ðE=E0Þ
E0 ð2:2dÞ
c44 ¼ G0 ð2:2eÞwhere E; m and G ¼ E2ð1þmÞ are the Young’s modulus, the Poisson’s ra-
tio and the shear modulus in the plane of isotropy; E0; m0G0 are the
Young’s modulus, the Poisson’s ratio and the shear modulus in
the plane normal to the plane of isotropy.
Let us assume that:
(i) the Poisson’s ratio m; m0 are constant, i.e.
m ¼ const; m0 ¼ const ð2:3aÞ(ii) the Young’s moduli E and E0, and the shear modulus G0, have
the same functional dependence on the co-ordinate x3, i.e.Eðx3Þ ¼ Eomðx3Þ; Eo ¼ const ð2:3bÞ
E0ðx3Þ ¼ E0omðx3Þ; E0o ¼ const ð2:3cÞ
G0ðx3Þ ¼ G0omðx3Þ; G0o ¼ const ð2:3dÞ
where m ¼ mðx3Þ, henceforth termed the inhomogeneity
function, is a sufﬁciently smooth function of the transverse
co-ordinate x3. It follows from Eqs. (2.2) and (2.3) that the
elastic constants c11; c12; c13; c33; c44 also have the same func-
tional dependence on the transverse co-ordinate x3
c11ðx3Þ ¼ co11mðx3Þ ð2:4aÞ
c12ðx3Þ ¼ co12mðx3Þ ð2:4bÞ
c13ðx3Þ ¼ co13mðx3Þ ð2:4cÞ
c33ðx3Þ ¼ co33mðx3Þ ð2:4dÞ
c44ðx3Þ ¼ co44mðx3Þ ð2:4eÞ
where
co11 ¼
1 ðm0Þ2ðEo=E0oÞ
1 m2 þ ð1þ 2mÞðm0Þ2ðEo=E0oÞ
Eo ð2:5aÞ
co12 ¼
v  ðm0Þ2ðEo=E0oÞ
1 m2 þ ð1þ 2mÞðm0Þ2ðEo=E0oÞ
Eo ð2:5bÞ
co13 ¼
m0ð1 mÞ
1 m2 þ ð1þ 2mÞðm0Þ2ðEo=E0oÞ
Eo ð2:5cÞ
co33 ¼
1 m02
1 m2 þ ð1þ 2mÞðm0Þ2ðEo=E0oÞ
E0o ð2:5dÞ
co44 ¼ G0o ð2:5eÞA particular case of stress–strain relations for an inhomoge-
neous transversely isotropic material in the form of Eqs. (2.4), with
an exponential inhomogeneity functionmðx3Þ ¼ expðbx3Þ, was con-
sidered by a number of researchers investigating functionally
graded piezoelectric (Zhong and Shang, 2003; Lu et al., 2006) and
magneto-electro-elastic (Pan and Han, 2005) plates.
2.2. Equilibrium equations in terms of displacements
In the absence of body forces, the equilibrium requires that
r11;1 þ r12;2 þ r13;3 ¼ 0 ð2:6aÞ
r12;1 þ r22;2 þ r23;3 ¼ 0 ð2:6bÞ
r13;1 þ r23;2 þ r33;3 ¼ 0 ð2:6cÞ
Here, comma denotes a derivative with respect to the spatial co-
ordinates.
Strain–displacements relations are
eij ¼ 12 ðui;j þ uj;iÞ ð2:7Þ
Upon substituting strain–displacement relations, Eq. (2.7), into
the constitutive relations, Eqs. (2.1), and then into the equilibrium
equations, Eqs. (2.4), the equilibrium equations in terms of dis-
placements are obtained. After some rearrangement, these can be
written in the following form
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2
ðc11  c12Þu1;11 þ 12 ðc11  c12Þu1;22 þ c44u1;33 þ
1
2
ðc11 þ c12Þu1;11
þ 1
2
ðc11 þ c12Þu2;21 þ ðc44 þ c13Þu3;31
þ ðu1;3 þ u3;1Þc44;3 ¼ 0 ð2:8aÞ
1
2
ðc11  c12Þu2;11 þ 12 ðc11  c12Þu2;22 þ c44u2;33 þ
1
2
ðc11 þ c12Þu1;12
þ 1
2
ðc11 þ c12Þu2;22 þ ðc44 þ c13Þu3;32
þ ðu2;3 þ u3;2Þc44;3 ¼ 0 ð2:8bÞ
c44u3;11 þ c44u3;22 þ 12 ðc11  c12Þu3;33
þ c33  c11  c122
 
u3;33 þ ðc44 þ c13Þu1;13 þ ðc44 þ c13Þu2;23
þ c13;3u1;1 þ c13;3u2;2 þ c33;3u3;3 ¼ 0 ð2:8cÞ
Let us introduce the following new notations
e¼1
2
ðc11þc12Þu1;1þ12ðc11þc12Þu2;2þðc44þc13Þu3;3 ð2:9aÞ
e03¼ðc44þc13Þu1;13þðc44þc13Þu2;23þ c33
c11c12
2
 
u3;33 ð2:9bÞ
D2¼ @
2
@x21
þ @
2
@x22
ð2:9cÞ
g¼ 2c44
c11c12¼
2co44
co11co12
¼ go¼ const ð2:9dÞ
D3g ¼D2þgo @
2
@x23
ð2:9eÞ
D3=g ¼D2þ 1go
@2
@x23
ð2:9fÞ
Henceforth e will be termed the modiﬁed dilatation, and D3g
and D3=g the modiﬁed Laplacian operators. Constant go represents
the ratio between the shear moduli in the plane of isotropy and
in the plane normal to it. For isotropic materials it is equal to unity,
for transversely isotropic materials it can be used to characterise
the degree of anisotropy exhibited by the material.
In view of the notations, given by Eqs. (2.9), Eqs. (2.8) can be re-
written as
ðc11  c12ÞD3gu1 þ 2e;1 þ 2c44;3ðu1;3 þ u3;1Þ ¼ 0 ð2:10aÞ
ðc11  c12ÞD3gu2 þ 2e;2 þ 2c44;3ðu2;3 þ u3;2Þ ¼ 0 ð2:10bÞ
c44D3=gu3 þ e03 þ c13;3ðu1;1 þ u2;2Þ þ c33;3u3;3 ¼ 0 ð2:10cÞ3. Analysis I
3.1. Displacement functions
Equilibrium equations in terms of displacements, Eqs. (2.10a,b),
can be reduced to a single equation by differentiating Eq. (2.10a)
with respect to x2, Eq. (2.10b) with respect to x1, and subtracting
the latter from the former. By doing so, the modiﬁed dilatation e
is eliminated, so that
1
2
ðc11  c12ÞD2ðu1;2  u2;1Þ þ @
@x3
c44
@
@x3
ðu1;2  u2;1Þ
 
¼ 0 ð3:1Þ
Let us introduce two displacement functions U ¼ Uðx1; x2; x3Þ
and F ¼ Fðx1; x2; x3Þ, so that
u1 ¼ @U
@x2
þ @F
@x1
; u2 ¼  @U
@x1
þ @F
@x2
; u3 ¼ u3 ð3:2Þ
By substituting Eq. (3.2) into Eq. (3.1) and into Eqs. (2.10a–c), it
can be established that function U must satisfy the following par-
tial differential equation1
2
ðc11  c12ÞD2Uþ @
@x3
c44
@U
@x3
 
¼ 0 ð3:3aÞ
Due to the same functional form of dependence of elastic con-
stants on the x3 co-ordinate, Eqs. (2.4), and the notation, given by
Eq. (2.9c), the above equation can be re-written as
mðx3ÞD2Uþ go @
@x3
mðx3Þ @U
@x3
 
¼ 0 ð3:3bÞ
Function F and displacement u3 can be found from the following
equations
1
2
ðc11  c12ÞD3gF þ 12 ðc11 þ c12ÞD2F þ c44;3
@F
@x3
þ u3
 
þ ðc44 þ c13Þu3;3 ¼ 0 ð3:4aÞ
c44D3=gu3 þ c33  c11  c122
 
u3;33 þ c33;3u3;3
þ D2 ðc44 þ c13Þ @F
@x3
þ c13;3F
 
¼ 0 ð3:4bÞ
These equations can be re-written as
c11D2F þ c13u3;3 þ @
@x3
c44
@F
@x3
þ u3
  
¼ 0 ð3:5aÞ
c44D2
@F
@x3
þ u3
 
þ @
@x3
½c33u3;3 þ c13D2F ¼ 0 ð3:5bÞ
Let us introduce a new function, W, so that Eq. (3.5b) becomes
an identity
c44
@F
@x3
þ u3
 
¼ D2 @W
@x3
ð3:6aÞ
c33u3;3 þ c13D2F ¼ D2D2W ð3:6bÞ
Using Eq. (3.6a), (3.5a) can be re-written as
c11D2F þ c13u3;3  @
2
@x23
D2W ¼ 0 ð3:7Þ
By eliminating u3;3 from Eqs. (3.6b) and (3.7), a relationship be-
tween functions F and and W is established as
F ¼  1
c11c33  c213
c13D2  c33 @
2
@x23
" #
W ð3:8aÞ
or alternatively
F ¼  1
c11c33  c213
c13DW ðc13 þ c33Þ @
2W
@x23
" #
ð3:8bÞ
where D is the Laplacian operator.
3.2. Representation of displacements and stresses
On referring to Eqs. (3.2) and (3.8), the two components of the
displacement vector can be represented in terms of displacement
functions U and W as
u1 ¼ @U
@x2
 1
c11c33  c213
c13D2  c33 @
2
@x23
" #
@W
@x1
ð3:9aÞ
u2 ¼  @U
@x1
 1
c11c33  c213
c13D2  c33 @
2
@x23
" #
@W
@x2
ð3:9bÞ
The third displacement component is found from Eqs. (3.6a)
and (3.8) as
u3 ¼  1c44 D2
@W
@x3
þ @
@x3
c13
c11c33  c213
D2  c33c11c33  c213
@2
@x23
" #
W ð3:9cÞ
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stants on the x3 co-ordinate, Eqs. (2.4), the above representation
becomes
u1 ¼ @U
@x2
 m
1ðx3Þ
co11c
o
33  co213
co13D2  co33
@2
@x23
" #
@W
@x1
ð3:10aÞ
u2 ¼  @U
@x1
 m
1ðx3Þ
co11c
o
33  co213
co13D2  co33
@2
@x23
" #
@W
@x2
ð3:10bÞ
u3 ¼ m
1ðx3Þ
co44
D2
@W
@x3
þ @
@x3
co13m
1ðx3Þ
co11c
o
33  co213
D2  c
o
33m
1ðx3Þ
co11c
o
33  co213
@2
@x23
" #
W ð3:10cÞ
The representation, given by Eqs. (3.9), can also be written using
the Laplacian operator D as
u1 ¼ @U
@x2
 1
c11c33  c213
c13D ðc13 þ c33Þ @
2
@x23
" #
@W
@x1
ð3:11aÞ
u2 ¼  @U
@x1
 1
c11c33  c213
c13D ðc13 þ c33Þ @
2
@x23
" #
@W
@x2
ð3:11bÞ
u3 ¼  1c44 D
@2
@x23
 !
@W
@x3
þ @
@x3
c13
c11c33  c213
DW c13 þ c33
c11c33  c213
@2W
@x23
" #
ð3:11cÞ
Since the functional form of dependence of elastic constants on
the x3 co-ordinate is the same, Eqs. (2.4), the representation, given
by Eqs. (3.10), can be written as
u1 ¼ @U
@x2
 m
1ðx3Þ
co11c
o
33  co213
co13D ðco13 þ co33Þ
@2
@x23
" #
@W
@x1
ð3:12aÞ
u2 ¼  @U
@x1
 m
1ðx3Þ
co11c
o
33  co213
co13D ðco13 þ co33Þ
@2
@x23
" #
@W
@x2
ð3:12bÞ
u3 ¼ m
1ðx3Þ
co44
D @
2
@x23
 !
@W
@x3
þ @
@x3
co13m
1ðx3Þ
co11c
o
33  co213
DW ðc
o
13 þ co33Þm1ðx3Þ
co11c
o
33  co213
@2W
@x23
" #
ð3:12cÞ
Representation of displacement in terms of two functions, U
and W, given by Eqs. (3.9)–(3.12), is valid for any kind of inhomo-
geneous transversely isotropic material provided it satisﬁes the
assumptions, given by Eqs. (2.3).
The components of the stress tensor can be expressed in terms
on functions U and W using representations, Eqs. (3.9a–c), strain–
displacement relations, Eq. (2.7), and constitutive equations for
transversely isotropic material, Eqs. (2.1).
3.3. Equation for function W
First, a derivative u3;3 is calculated by differentiating Eq. (3.6a)
over x3 as
u3;3 ¼  @
2F
@x23
 @
@x3
1
c44
D2
@W
@x3
 
ð3:13Þ
Substitution of the above derivative into Eq. (3.6b), leads to
c33 @
@x3
1
c44
D2
@W
@x3
 
þ c13D2  c33 @
2
@x23
" #
F ¼ D2D2W ð3:14Þ
Taking into account that function F is given by Eq. (3.8), the
above equation is transformed intoD2D2Wþ c33 @
@x3
1
c44
D2
@W
@x3
 
 c33 @
2
@x23
 c13D2
" #
 c13
c11c33  c213
D2  c33c11c33  c213
@2
@x23
" #
W ¼ 0 ð3:15Þ
After some rearrangement, it can be re-written as
c11D2D2Wc13D2 @
2W
@x23
þðc11c33c213Þ
@
@x3
1
c44
D2
@W
@x3
 
þ @
2
@x23
c33
c11c33c213
@2W
@x23
" #
 @
2
@x23
c13
c11c33c213
D2W
 )
¼0 ð3:16aÞ
Due to the same functional form of dependence of elastic con-
stants on the x3 co-ordinate, Eqs. (2.4), the above equation becomes
co11D2D2W co13D2
@2W
@x23
þ co11co33  co
2
13
 
mðx3Þ
 1
co44
@
@x3
m1ðx3ÞD2 @W
@x3
 
þ c
o
33
co11c
o
33  co213
@2
@x23
m1ðx3Þ @
2W
@x23
" #(
 c
o
13
co11c
o
33  co213
@2
@x23
m1ðx3ÞD2W
	 
) ¼ 0 ð3:16bÞ
Now, partial differential equations for functions U, Eqs. (3.3),
and W, Eqs. (3.16) are uncoupled.
4. Analysis II
In this section, we analyse and discuss some key aspects of the
developed representation. Rather than adding speciﬁc examples
demonstrating the application of the new displacement functions,
weexamine theusefulnessof thenewrepresentation inbroad terms,
i.e. by showing its applicability to whole classes of three-dimen-
sional elasticity problems, such as the class of boundary-value prob-
lems that allowseparationof variables.Within this classweexamine
two important inhomogeneity functions – the exponential function
and the power law – and show how the equations simplify in each
case. For instance, we show that for the exponential inhomogeneity
function the equations for two new displacement functions reduce
toHelmholtz’s equations and the second- and fourth-order ordinary
differential equations with constant coefﬁcients, particular solu-
tions to which can be found following a standard routine.
We also show that on transition to the isotropic material the
new representation for transversely isotropic inhomogeneous
material coincides with Plevako’s representation for isotropic inho-
mogeneous material.
4.1. Transition to isotropic material
Constitutive equations for isotropic material are given by Eqs.
(2.1) with
c11 ¼ c33 ¼ Eð1 mÞð1þ mÞð1 2mÞ ; c12 ¼ c13 ¼
Em
ð1þ mÞð1 2mÞ ;
c44 ¼ G; G ¼ E2ð1þ mÞ ð4:1aÞ
It follows from Eq. (4.1a) that
c13
c11c33  c213
¼ m
2G
;
c13 þ c33
c11c33  c213
¼ 1
2G
ð4:1bÞ
Then the representation of displacements in terms of two dis-
placement functions U and W, given by Eqs. (3.11), fully coincides
with that obtained by Plevako (1971) – see Appendix A, Eq. (A.2) –
with functions U and W corresponding to Plevako’s N and L,
respectively.
M. Kashtalyan, J.J. Rushchitsky / International Journal of Solids and Structures 46 (2009) 3463–3470 34674.2. Separation of variables
Suppose the boundary conditions and the applied loadings are
such that the three-dimensional elasticity problem allows separa-
tion of variables in the displacement functions in the form
Uðx1; x2; x3Þ ¼ U
__
ðx1; x2ÞU
_
ðx3Þ ð4:2aÞ
Wðx1; x2; x3Þ ¼ W
__
ðx1; x2ÞW
_
ðx3Þ ð4:2bÞ
Substitution of these representations into equations for func-
tions U andW, Eqs. (3.3b) and (3.16b), yields the following four dif-
ferential equations:
D2U
__
þk2U U
__
¼ 0 ð4:3aÞ
D2W
__
þk2W W
__
¼ 0 ðor D2W
__
k2W W
__
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Eqs. (4.3a and b) are the Helmholtz’s equations, which have partic-
ular solutions in the form
f ðx1; x2Þ ¼ exp½iðkf1x1 þ kf2x2Þ; k2f1 þ k2f1 ¼ k2f ð4:5aÞ
f ðx1; x2Þ ¼ ðAþ Bx1Þ exp½iðkf x1Þ þ ðC þ Dx2Þ exp½iðkf x2Þ;
f  U
__
;W
__
ð4:5bÞ
Eqs. (4.4a and b), are second- and fourth-order ordinary linear
differential equations with variable coefﬁcients, which depend on
the inhomogeneity function m ¼ mðx3Þ that characterises the
dependence of the Young’s and shear moduli of the inhomoge-
neous transversely isotropic material on the co-ordinate x3. They
can be simpliﬁed further once the inhomogeneity function
m ¼ mðx3Þ is speciﬁed.
4.3. Inhomogeneity functions
When the inhomogeneity function is an exponential one, i.e.
mðx3Þ ¼ exp ax3, equations Eqs. (4.4a and b) reduce to second-
and fourth-order differential equations with constant
coefﬁcients
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Particular solutions to Eqs. (4.6a and b) can be found following a
standard routine.For a power-law dependence of the elastic constants on the
co-ordinate x3 in the form mðx3Þ ¼ xb3, Eq. (4.4a) reduces to
equation
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Eq. (4.7a) is a transformed Bessel equation, solution to which is
given by
U
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n ¼ 1 b
2
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ð4:7cÞ
Fourth-order ordinary differential equation for function /
__
, Eq.
(4.4b), reduces to
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Solution of this equation is not as straightforward as that of Eqs.
(4.7) and must be sought using more general methods, such as a
power-series method.5. Example
In this section, an example is considered in order to demon-
strate how the new displacement functions can be used to deter-
mine stresses and displacements in an inhomogeneous
transversely isotropic half-space x3 P 0 which is subjected to a
concentrated force normal to a free surface and applied at the
origin. For a homogeneous isotropic half-space, such problem
was ﬁrst considered by Boussinesq (1885) and bears his name.
As pointed out by Selvadurai (2001), the solution to Boussinesq’s
problem can be obtained by several methods. The ﬁrst approach
consists of reducing the problem to a boundary-value problem in
potential theory. For isotropic homogeneous half-space, when
the surface of the half-space is subjected to normal tractions
only, the elasticity problem is reduced to that of ﬁnding a single
harmonic function. The solution to the concentrated force prob-
lem is recovered as a special case of the general normal loading.
The second approach to the solution of Boussinesq’s problem
commences with Kelvin’s solution for the point force acting at
the interior of an inﬁnite space. It utilizes a distribution of com-
binations of dipoles, which are equivalent to a distribution of
centres of compression along an axis, to eliminate the shear trac-
tions occurring on the plane normal to the line of action of the
Kelvin force, thereby recovering Boussinesq’s solution. A third
approach involves the application of integral transform tech-
niques to the solution of a governing partial differential equation
which can be then used to explicitly satisfy the traction bound-
ary condition.
Taking into account the axial symmetry of the Boussinesq’s
problem, let us introduce a cylindrical co-ordinate system
ðr; h; zÞ such that z-axis coincides with x3-axis, and adopt the
exponential variation of the elastic constants with the transverse
co-ordinate z ðzP 0Þ in the form
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Due to the axial symmetry, one of the displacement functions is
U ¼ 0, while the differential equation for the other displacement
function W, Eq. (3.16b), in cylindrical co-ordinates becomes
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Function W is sought in the form
Wðr; zÞ ¼
Z 1
0
AðnÞJ0ðnrÞwðz; nÞdn ð5:3aÞ
where AðnÞ is an arbitrary function, J0ðnrÞ is Bessel function of the
ﬁrst kind of order n ¼ 0, which satisﬁes Bessel’s equation
d2J0
dr2
þ 1
r
dJ0
dr
þ n2J0 ¼ 0; n > 0 ð5:3bÞ
and wðz; nÞ is an unknown function. Substitution of Eqs. (5.3) into
Eq. (5.2a) leads to the following equation for the function wðz; nÞ
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To simplify Eq. (5.4), let us introduce new variables
~c ¼ nc; f ¼ nz ð5:5Þ
Then Eq. (5.4) reduces to
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Eq. (5.4) is the fourth-order ordinary differential equation with
constant coefﬁcients, which can be solved following a standard
routine. On substitution of a trial solution w ¼ expðsfÞ, the charac-
teristic equation, corresponding to Eq. (5.6), is obtained as
s4  2~cs3 þ ð~c2  BÞs2  B~cs c
o
13
co33
~c2 þ c
o
11
co33
 
¼ 0 ð5:7Þ
Following the Descartes–Euler method (Korn and Korn, 2000),
the above equation can be transformed to the reduced form
t4 þ Pt2 þ Qt þ R ¼ 0 ð5:8aÞ
through the substitution
s ¼ t þ ~c=2 ð5:8bÞ
where
P ¼  ~c
2
2
þ B; Q ¼ 2~cB; R ¼ ~c
4
16
 3B ~c
2
4
 c
o
13
co33
~c2 þ c
o
11
co33
 
ð5:8cÞ
Then, the roots of the characteristic equation, Eq. (5.7), are given
as
s1;2;3;4 ¼
~c
2
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with the signs of the square roots chosen so that
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ð5:9bÞHere y1; y2; y3 are the roots of the following cubic equation, which
corresponds to Eq. (5.8a),
y3 þ ay2 þ byþ c ¼ 0 ð5:10aÞ
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They given by the Cardan’s solution (Korn and Korn, 2000) as
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The above cubic equation has either one real root and two con-
jugate complex roots, or three real roots of which at least two are
equal, or three different real roots, if K is positive, zero or negative,
respectively (Korn and Korn, 2000).
Finally, the displacement function W for the Boussinesq’s prob-
lem for an inhomogeneous transversely isotropic half-space has
the form
Wðr; zÞ ¼
Z 1
0
AðnÞJ0ðnrÞfC1 exp½s1ðnÞnz þ C2 exp½s2ðnÞnz
þ C3 exp½s3ðnÞnz þ C4 exp½s4ðnÞnzgdn ð5:12Þ
where constants C1;C2;C3;C4 must be chosen so as to match given
boundary conditions. The integral in the above equation, Eq. (5.12),
involving exponential functions and Bessel functions of the ﬁrst
kind of order n ¼ 0, cannot be presented in closed form and has
to be integrated numerically using, for example, an approach devel-
oped by Wang et al. (2003). Full analysis of the Boussinesq’s prob-
lem will be reported in a separate publication.
6. Conclusions
A set of 15 governing equations of the three-dimensional linear
elasticity may be reduced to three coupled partial differential
equations in terms of displacements and then further simpliﬁed
by introducing appropriately chosen displacement functions.
While for homogenous isotropic and transversely isotropic solids
many displacement functions exist, it is not the case for inhomoge-
neous solids.
In this paper, we have revisited Plevako’s displacement func-
tions for inhomogeneous isotropic solids for the purpose of deriv-
ing a solution to the equilibrium equations of three-dimensional
linear elasticity for inhomogeneous transversely isotropic solids.
To the best of our knowledge, displacement functions for inhomo-
geneous transversely isotropic media have been introduced here
for the ﬁrst time.
With the help of two displacement functions it proved possible
to uncouple the equilibrium equations in terms of displacements
and to reduce the number of partial differential equations requir-
ing solution from three to two.
The uncoupled partial differential equations for two displace-
ment functions allow separation of variables, which opens new
possibilities for further simpliﬁcation. It is established that the dis-
placement functions are governed by Helmholtz’s equations in the
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ond- and fourth-order with variable coefﬁcients with respect to
the co-ordinate normal to the plane of isotropy.
When the inhomogeneity function is an exponential one, the
latter reduce to the second- and fourth-order ordinary differential
equations with constant coefﬁcients, which can be solved using
standard routines. For the power-law inhomogeneity function,
the second-order differential equation reduces to the modiﬁed Bes-
sel equation, while the fourth-order one still represents a
challenge.
On transition to the isotropic material, the new representation
for transversely isotropic inhomogeneous material coincides with
Plevako’s representation for isotropic inhomogeneous material.
As mentioned in the Introduction, Plevako’s displacement func-
tions were successfully used to investigate three-dimensional elas-
tic deformations of structures incorporating functionally graded
materials, including coating/substrate systems and sandwich
constructions.
As an example, the displacement function is derived that can be
used to determine stresses and displacements in an inhomoge-
neous transversely isotropic half-space which is subjected to a con-
centrated force normal to a free surface and applied at the origin
(Boussinesq’s problem).
It is hoped that this paper will be viewed as making a contribu-
tion towards the fundamentals of the three-dimensional elasticity
theory. By focussing solely on the rigorous mathematical develop-
ment of the new displacement functions and discussion of their
usefulness in broad terms, the paper communicates new knowl-
edge of fundamental nature which can be used by other research-
ers to solve further issues according to their speciﬁc research
interests (just as we used Plevako’s functions according to our re-
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For an isotropic inhomogeneous medium with the shear modu-
lus G ¼ Gðx3Þ and the Poisson’s ratio m ¼ mðx3Þ that depend on x3 co-
ordinate, the three-dimensional equations of equilibrium in terms
of displacements have the form (Plevako, 1971)
GDu1 þ G1 2m
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is the Laplacian operator, and e ¼ @u1
@x1
þ
@u2
@x2
þ @u3
@x3
is the volumetric strain, or dilatation.
Plevako (1971) developed solution to these three-dimensional
equations of equilibrium in terms of displacements. He showed
that displacements can always be expressed in terms of two dis-
placement functions which satisfy the second- and the fourth-or-
der linear partial differential equations.
If the Poisson’s ratio m is constant, the displacements can be ex-
pressed in terms of two functions, denoted L ¼ Lðx1; x2; x3Þ and
N ¼ Nðx1; x2; x3Þ, asu1 ¼  12G mD
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Using Hooke’s law, stresses can be expressed in terms of func-
tions L and N as
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Functions L ¼ Lðx1; x2; x3Þ and N ¼ Nðx1; x2; x3Þ in the equations
above must satisfy the following partial differential equations
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